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Abstract
In this paper we carry out analysis and geometry for a class of in-
finite dimensional manifolds, namely, compound configuration spaces
as a natural generalization of the work [AKR98a]. More precisely a
differential geometry is constructed on the compound configuration
space ΩX over a Riemannian manifold X. This geometry is obtained
as a natural lifting of the Riemannian structure on X. In particular,
the intrinsic gradient ∇ΩX divergence divΩXpiτσ , and Laplace-Beltrami
operator HΩXpiτσ = −div
ΩX
piτσ
∇ΩX are constructed. Therefore the corre-
sponding Dirichlet forms EΩXpiτσ on L
2(ΩX , pi
τ
σ) can be defined. Each
is shown to be associated with a diffusion process on ΩX (so called
equilibrium process) which is nothing but the diffusion process on the
simple configuration space ΓX together with corresponding marks, i.e,
(Xγωt ,mω). As another consequence of our results we obtain a repre-
sentation of the Lie-algebra of compactly supported vector fields on X
on compound Poisson space. Finally generalizations to the case when
piτσ is replaced by a marked Poisson measure µσ⊗τ easily follow from
this construction.
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1 Introduction
Starting with the work of Gelfand et al. [GGV75], many researchers consider
representations on compound Poisson space, see also [Ism96]. Hence it is
natural to ask about geometry and analysis on this space. On the other hand
in statistical physics of continuous systems compound Poisson measures and
their Gibbsian perturbation are used for the description of many concrete
models, see e.g. [AGL78].
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In constructing analysis and geometry in the space of simple configura-
tions ΓX over a manifold X , i.e.,
ΓX = {γ ⊂ X | |γ ∩K| <∞ for any compact K ⊂ X},
an important tool is the action of the group of diffeomorphism Diff0(X) on
X which are equal to the identity outside a compact on the configuration
space ΓX (similar to shifts on linear spaces), cf. [AKR98a].
In this paper we present a natural extension of the results obtained in
[AKR98a] to the case of compound configuration space ΩX over a Riemannian
manifold X , i.e., the space of R+-valued measures on X of the form
ΩX = {ω =
∑
x∈γω
sxεx ∈ D
′|sx ∈ supp τ, γω ∈ ΓX},
where τ is a finite measure on R+. This geometry is constructed via a
“lifting procedure” and is completely determined by the Riemannian struc-
ture on X (cf. Subsection 3.3). In particular, we obtain the correspond-
ing intrinsic gradient ∇ΩX , divergence divΩXpiτσ , and Laplace-Beltrami operator
△ΩX =divΩXpiτσ ∇
ΩX . For details we refer to Section 3 and Section 4. Here we
only mention that the “tangent bundle” TΩX of ΩX is given as follows
TωΩX := L
2(X → TX ;ω), ω ∈ ΩX ,
i.e., the space of sections in the tangent bundle TX of X which are square-
integrable with respect to the Radon measure ω. Since each TωΩX is thus
a Hilbert space (endowed with the corresponding L2-inner product 〈·, ·〉TωΩX
coming from the measure ω) ΩX obtains a Riemannian-type structure which
is non-trivial (i.e., varies with ω) even when X = Rd.
The problem of analysis and geometry on infinite dimensional spaces is
highly connected with the lack of a good notion of “volume element” which is
due to the fact that there is no Lebesgue measure on infinite dimensional lin-
ear spaces. The volume element onX is (up to constant multiples) the unique
positive Radon measure µ onX such that the gradient∇X and the divergence
divX become dual operators on L2(X, µ) (w.r.t. 〈·, ·〉TX), see e.g. [Cha84]. In
Subsection 3.2 we prove that the probability measure πτσ on ΩX for which
∇ΩX and divΩXpiτσ become dual operators on L
2(ΩX , π
τ
σ) (w.r.t. 〈·, ·〉TΩX) is the
right “volume element” corresponding to our differential geometry on ΩX .
Of course for completeness concerning the “volume element” one should in-
vestigate for which class of measures the above result is valid but we do not
explore this question in the paper.
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Let us stress that the “test” functions FC∞b (D,ΩX) (resp. “test” vector
fields V ) we consider as domains for our gradient ∇ΩX (resp. divΩXpiτσ ) above
are of cylinder type, i.e., F ∈ FC∞b (D,ΩX) if and only if
ω 7→ F (ω) = gF (〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)
for some N ∈ N, ϕ1, . . . , ϕN ∈ D := C
∞
0 (X), gF ∈ C
∞
b (R
N) (and V corre-
spondingly, cf. (3.13)). Hence so far the analysis on ΩX is basically finite
dimensional. However, we can do generic infinite dimensional analysis on
ΩX by introducing the first order Sobolev space H
1,2
0 (ΩX , π
τ
σ) by closing the
corresponding Dirichlet form
EΩXpiτσ (F,G) =
∫
ΩX
〈(∇ΩXF )(ω), (∇ΩXG)(ω)〉TωΩXdπ
τ
σ(ω),
on L2(ΩX , π
τ
σ), i.e., a function F ∈ H
1,2
0 (ΩX , π
τ
σ) is together with its gradient
∇ΩXF obtained as a limit in L2(Ω, πτσ) of a sequence Fn ∈ FC
∞
b (D,ΩX),
resp. ∇ΩXFn, n ∈ N. Thus such F really depends on infinitely many points
in X (cf. Subsections 4.1, 4.2).
Since on X there is a natural diffusion process intrinsically determined
by the geometry, namely distorted Brownian motion on X , it is natural
to ask whether the same is true for our geometry on ΩX . In the case of
the space of simple configurations ΓX this process is constructed using the
standard theory of Dirichlet forms (cf. [MR92]), see recent results in [Yos96]
and [AKR98a]. In the case of compound configuration space this process has
a simple relation with the one mentioned above. Let us explain this more
precisely. We regard every compound configuration ω ∈ ΩX as depending on
two variables, namely ω = (γω, mω) (or more general marked configuration)
and this allowed us to obtain the following embedding
L2(ΓX , πσ) →֒ L
2(ΩX , π
τ
σ).
As a result we may apply operators acting on L2(ΓX , πσ), e.g. ∇
Γ, ∇Γ∗ to
the space L2(ΩX , π
τ
σ) acting on part of the variables, see e.g. [BK95]. It turns
out that the following equality holds
(∇ΩF )(ω) = (∇ΓF )((γω, mω)), ω = (γω, mω) ∈ ΩX ,
and from this relation it is not hard to obtain relations between the Dirichlet
operators as well as between the correspondings semigroups. Therefore the
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process associated to our Dirichlet form is nothing but the process Xγωt , t ≥ 0,
together with marks, i.e.,
Ξt = (X
γω
t , mω), t ≥ 0,
where Xγωt is just the equilibrium process on ΓX , see [AKR98a, Sect. 6] for
details. We describe this procedure in detail in Section 5.
We would like to emphasize the contents of Subsection 3.4. It is well-
known, see [GGV75, Sect. 6] that there is a canonical unitary representation
on compound Poisson space, i.e., L2(ΩX , π
τ
σ), of the group of diffeomorphisms
Diff0(X). On the basis of our results described above, we provide a corre-
sponding representation of the associated Lie algebra of compactly supported
vector fields. We also exhibit explicit formulas for the corresponding gener-
ators.
Thus the contents of Sections 3, 4, and 5 have been described. It remains
to add that Section 2 consists of necessary preliminaries to the furthers sec-
tions. Finally in Section 6 we prove in detail the existence of a marked
Poisson measure over the marked Poisson space ΩMX , where M is a complete
separable metric space with a probability measure. Hence all the results
obtained in this paper extend with trivial changes to marked Poisson space.
Last but not least we would like to mention that most of the results
obtained in this paper extend in a natural way (along the lines of the work
[AKR98b] and [AGL78]) to the case where compound Poisson measures are
replaced by Gibbs measures of Ruelle type.
Part of the results of this paper were presented in the international confer-
ence “Analysis on infinite-dimensional Lie algebras and groups” in Marseille
September’97.
2 Measures on configuration spaces
Let X be a connected, oriented C∞ (non-compact) Riemannian manifold.
For each point x ∈ X , the tangent space to X at x will be denoted by TxX ;
and the tangent bundle endowed with its natural differentiable structure will
be denoted by TX = ∪x∈XTxX . The Riemannian metric on X associates
to each point x ∈ X an inner product on TxX which we denote by 〈·, ·〉TxX .
The associated norm will be denoted by | · |TxX . Let m denote the volume
element.
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O(X) is defined as the family of all open subsets of X and B(X) denotes
the corresponding Borel σ-algebra. Oc(X) and Bc(X) denote the systems of
all elements in O(X), B(X) respectively, which have compact closures.
2.1 The configuration space over a manifold
The configuration space ΓX over the manifold X is defined as the set of all
locally finite subsets (simple configurations) in X :
ΓX = {γ ⊂ X | |γ ∩K| <∞ for any compact K ⊂ X}.
Here |A| denotes the cardinality of a set A.
We can identify any γ ∈ ΓX with the positive integer-valued Radon mea-
sure ∑
x∈γ
εx ∈ Mp(X) ⊂M(X),
where
∑
x∈∅ εx := zero measure and M(X) (resp. Mp(X)) denotes the set
of all positive (resp. positive integer-valued) Radon measures on B (X). The
space ΓX can be endowed with the relative topology as a subset of the space
M(X) with the vague topology, i.e., the weakest topology on ΓX such that
all maps
ΓX ∋ γ 7→ 〈γ, f〉 :=
∫
X
f(x)dγ(x) =
∑
x∈γ
f(x)
are continuous. Here f ∈ C0(X) (the set of all real-valued continuous func-
tions on X with compact support). Let B(ΓX) denote the corresponding
Borel σ-algebra. B(ΓX) is generated by the sets
CΛ,n := {γ ∈ ΓX | |γ ∩ Λ| = n}, (2.1)
where Λ ∈ Oc(X), n ∈ N0 := N ∪ {0}, see e.g. [GGV75] and [Shi94]. Note
that for any Λ ∈ B(X) and all n ∈ N0 the set CΛ,n is, indeed, a Borel subset
of ΓX . Sets of the form (2.1) are called cylinder sets.
For any B ⊂ X we introduce a function NB : ΓX → N0 such that
NB(γ) = |γ ∩B|, γ ∈ ΓX .
Then B(ΓX) is the smallest σ-algebra on ΓX such that all the functions NB,
B ∈ Bc(X), are measurable.
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2.2 Poisson measures
For the construction of a Poisson measure on ΓX first we need to fix an
intensity measure σ on the underlying manifold X . We take a density ρ > 0
m-a.s. such that ρ1/2 ∈ H1,2loc (X) and put dσ(x) = ρ(x)dm(x). Here H
1,2
loc (X)
denotes the local Sobolev space of order 1 in L2loc(X,m). Then σ is a non-
atomic Radon measure on X , in particular, σ(Λ) <∞ for all Λ ∈ Bc(X).
There are different ways to define the Poisson measure πσ with intensity
σ on ΓX , see e.g. [AKR98a] and [GV68]. Here we characterize πσ by its
Laplace transform.
Definition 2.1 The Laplace transform of πσ is given for f ∈ C0(X) by
lpiσ(f) =
∫
ΓX
exp(〈γ, f〉)dπσ(γ)
= exp
(∫
X
(ef(x) − 1)dσ(x)
)
. (2.2)
Let us mention that (2.2) defines, via Minlos’ theorem, a measure πσ
on a linear space F (X) of generalized functions on X , see e.g. [GV68]. An
additional analysis shows that the support of the measure πσ consists of
generalized functions of the form
∑
x∈γ εx, γ ∈ ΓX , see e.g. [Oba87] and
[Shi94], and then πσ can be considered as a measure on ΓX .
Remark 2.2 By the same argument (2.2) holds for any B(X)-measurable
function f with compact support such that ef is σ-integrable on suppf . A
simple limit-argument then implies that (2.2) holds for all f such that ef−1 ∈
L1(σ).
2.3 Compound Poisson measures
Let τ be a non-negative finite measure on R+ :=]0,∞[ having all moments
finite and satisfying the analyticity property
∃C > 0 : ∀n ∈ N0
∫ ∞
0
sndτ(s) < Cnn!. (2.3)
We denote D = C∞0 (X) (the set of C
∞-functions on X with compact
support) equipped with the usual topology, see e.g. [Aub82, Chap. 2].
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Definition 2.3 A measure πτσ on D
′ is called a compound Poisson measure
if its Laplace transform is given for ϕ ∈ D by
lpiτσ(ϕ) =
∫
D′
exp(〈ω, ϕ〉)dπτσ(ω)
= exp
(∫
X
∫ ∞
0
(esϕ(x) − 1)dτ(s)dσ(x)
)
, (2.4)
see e.g. [GGV75].
The measure πτσ has the following properties.
Proposition 2.4 1. πτσ has an analytic Laplace transform.
2. πτσ is supported on Ω := ΩX , the space of compound configurations, i.e.,
Ω = {ω =
∑
x∈γω
sxεx ∈ D
′|sx ∈ suppτ, γω ∈ ΓX},
in other words πτσ(Ω) = 1.
3. If suppτ = {1}, i.e., dτ(s) = ε1(ds), then π
τ
σ = πσ.
For the proof of the above proposition we refer to [KSSU98], [Oba84]. A
more general case so called marked Poisson measure is worked out in Section
6.
2.4 The isomorphism between Poisson and compound
Poisson spaces
Let us define a measure σˆ on (X ×R+,B(X ×R+)) as the product measure
of the measures τ and σ, i.e.,
dσˆ(xˆ) := dτ(s)dσ(x), xˆ = (x, s) ∈ X × R+.
Denote by Γˆ the set of the locally finite configurations γˆ ⊂ X×R+ such that
γˆ =
∑
xˆi∈γˆ
εxˆi, xˆi = (xi, si) ∈ X × R+, xi 6= xj , i 6= j
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and define the Poisson measure πσˆ with intensity measure σˆ on (Γˆ,B(Γˆ)) via
its Laplace transform
lpiσˆ(ϕˆ) =
∫
Γˆ
exp(〈γˆ, ϕˆ〉)dπσˆ(γˆ)
= exp
(∫
X×R+
(eϕˆ(xˆ) − 1)dσˆ(xˆ)
)
, ϕˆ ∈ D(X × R+). (2.5)
It follows from (2.3) that the Laplace transform lpiσˆ is well defined for
ϕˆ(s, x) = p(s)ϕ(x) where p(s) =
∑m
k=0 pks
k (p0 6= 0) is a polynomial and
ϕ ∈ D (cf. [LRS97]). Let us put ϕˆ(s, x) = sϕ(x), ϕ ∈ D in (2.5). Then by
(2.2) we obtain
lpiτσ(ϕ) = lpiσˆ(sϕ), ϕ ∈ D.
Then it follows that the compound Poisson measure πτσ is the image of
πσˆ under the transformation Σ : Γˆ→ ΣΓˆ = Ω ⊂ D
′ given by
Γˆ ∋ γˆ 7→ (Σγˆ)(·) = Σ
(∑
xˆi∈γˆ
εxˆi
)
(·) :=
∑
(si,xi)∈γˆ
siεxi(·) ∈ Ω ⊂ D
′, (2.6)
i.e., ∀B ∈ B(D′)
πτσ(B) = π
τ
σ(B ∩ Ω) = πσˆ(Σ
−1(B ∩ Ω)),
where Σ−1∆ is the pre-image of the set ∆.
The latter equality may be rewritten in the following form∫
D′
1 B(ω)dπ
τ
σ(ω) =
∫
Ω
1 B(ω)dπ
τ
σ(ω) =
∫
Γˆ
1 B(Σγˆ)dπσˆ(γˆ),
which is analogous to the well known change of variable formula for the
Lebesgue integral. Namely, for any h ∈ L1(D′, πτσ) = L
1(Ω, πτσ) the function
h ◦ Σ ∈ L1(Γˆ, πσˆ) and∫
Ω
h(ω)dπτσ(ω) =
∫
Γˆ
h(Σγˆ)dπσˆ(γˆ). (2.7)
Remark 2.5 It is worth noting that there exists on Ω an inverse map Σ−1 :
Ω→ Γˆ. And we obtain that πσˆ on Γˆ is the image of π
τ
σ on Ω under the map
Σ−1, i.e., ∀Cˆ ∈ B(Γˆ), πσˆ(Cˆ) = π
τ
σ(ΣCˆ) or after rewriting∫
Γˆ
1 Cˆ(γˆ)dπσˆ(γˆ) =
∫
Ω
1 ΣCˆ(ω)dπ
τ
σ(ω) =
∫
Ω
1 Cˆ(Σ
−1ω)dπτσ(ω).
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As before we easily can write the corresponding change of variables formula,
namely for any fˆ ∈ L1(Γˆ, πσˆ) the function fˆ ◦ Σ
−1 ∈ L1(Ω, πτσ) and∫
Γˆ
fˆ(γˆ)dπσˆ(γˆ) =
∫
Ω
fˆ(Σ−1ω)dπτσ(ω). (2.8)
Now we construct a unitary isomorphism UΣ between the Poisson space
L2(πσˆ) := L
2(Γˆ, πσˆ) and the compound Poisson space L
2(πτσ) := L
2(Ω, πτσ).
Namely,
L2(Ω, πτσ) ∋ h 7→ UΣh := h ◦ Σ ∈ L
2(Γˆ, πσˆ)
and
L2(Γˆ, πσˆ) ∋ fˆ 7→ U
−1
Σ fˆ = fˆ ◦ Σ
−1 ∈ L2(Ω, πτσ).
The isometry of UΣ and U
−1
Σ follows from (2.7) and (2.8), respectively
As a result we have established the following proposition.
Proposition 2.6 The map UΣ is a unitary isomorphism between the Poisson
space L2(πσˆ) and the compound Poisson space L
2(πτσ).
2.5 The group of diffeomorphisms and compound Pois-
son measures
Let us denote the group of all diffeomorphisms on X by Diff(X) and by
Diff0(X) the subgroup of all diffeomorphisms φ : X → X with compact sup-
port, i.e., which are equal to the identity outside of a compact set (depending
on φ).
For any f ∈ C0(X) we have a continuous functional
Ω ∋ ω 7→ 〈ω, f〉 =
∫
X
f(x)dω(x) =
∑
x∈γω
sxf(x)
and given φ ∈ Diff0(X) we have
〈φ∗ω, f〉 =
∫
X
f(x)dω(φ−1(x))
=
∑
x∈γω
sxf ◦ φ(x)
= 〈ω, f ◦ φ〉 .
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Any φ ∈ Diff0(X) defines (pointwise) a transformation of any subset of
X and, consequently, the diffeomorphism φ has the following “lifting” from
X to Ω :
Ω ∋ ω =
∑
x∈γω
sxεx 7→ φ
∗ω =
∑
x∈γω
sxεφ(x) ∈ Ω,
because for any f ∈ C0(X)∫
X
f(x)d(φ∗ω)(x) =
∫
X
f(φ(x))dω(x)
=
∑
x∈γω
sxf(φ(x))
=
∫
X
f(y)
∑
x∈γω
sxεφ(x)(dy).
This mapping is obviously measurable and we can define the image φ∗πτσ
of the measure πτσ under φ as usually by φ
∗πτσ = π
τ
σ ◦ φ
−1, i.e.,
(φ∗πτσ)(A) = π
τ
σ(φ
−1(A)), A ∈ B(Ω).
The following proposition shows that this transformation is nothing but
a change of the intensity measure σ, and τ is preserved.
Proposition 2.7 For any φ ∈ Diff0(X) we have
φ∗πτσ = π
τ
φ∗σ.
Proof. Due to the characterization of the measures it is enough to compute
the Laplace transform of the measure φ∗πτσ, to show the property.
Let f ∈ C0(X) be given. Then the Laplace transform of φ
∗πτσ is given by∫
Ω
exp(〈ω, f〉)d(φ∗πτσ)(ω) =
∫
Ω
exp(〈ω, f〉)dπτσ(φ
−1(ω))
=
∫
Ω
exp(〈φ∗ω, f〉)dπτσ(ω)
=
∫
Ω
exp(〈ω, f ◦ φ〉)dπτσ(ω)
= exp
(∫
X
∫ ∞
0
(esf◦φ(x) − 1)dτ(s)dσ(x)
)
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= exp
(∫
X
∫ ∞
0
(esf(x) − 1)dτ(s)d(φ∗σ)(x)
)
=
∫
Ω
exp(〈ω, f〉)dπτφ∗σ(ω)
which is just the Laplace transform of the measure πτφ∗σ. 
For any φ ∈ Diff0(X) we introduce the Radon-Nikodym density of σ as

pσφ(x) :=
d(φ∗σ)
dσ
(x) =
ρ(φ−1(x))
ρ(x)
dm(φ−1(x))
dm(x)
=
ρ(φ−1(x))
ρ(x)
Jφm(x),
if x ∈ {0 < ρ <∞} ∩ {0 < ρ ◦ φ−1 <∞};
pσφ(x) := 1, otherwise,
,
(2.9)
where Jφm is the Jacobian determinant of φ (with respect to the Riemannian
volume m), see e.g. [Boo75]. Note that pσφ(x) ≡ 1 outside a compact.
The next proposition is a consequence of the Proposition 2.6, Skorokhod’s
theorem on absolute continuity of Poisson measures, see e.g. [Sko57], [Tak90]
and also [Shi94]. It shows that πτσ is quasi-invariant with respect to the group
Diff0(X).
Proposition 2.8 The compound Poisson measure πτσ is quasi-invariant with
respect to the group Diff0(X) and for any φ ∈ Diff0(X) we have p
piτσ
φ = p
piλτσ
φ ,
where λτ = τ(R+), i.e.,
p
piτσ
φ (ω) =
d(φ∗πτσ)
dπτσ
(ω) =
∏
x∈γω
pσφ(x) exp
(
λτ
∫
X
(1− pσφ(x))dσ(x)
)
.
Proof. Given φ ∈ Diff0(X) then φˆ := φ⊗ id ∈ Diff(X ×R+). Hence having
in mind the isomorphism described in Subsection 2.4 the Radon-Nikodym
density of πτσ with respect to the group Diff0(X) is given by
p
piτσ
φ (ω) = U
−1
Σ p
piσˆ
φ⊗id(ω)
=
∏
xˆ∈γˆω
dσˆ ◦ (φ⊗ id)−1
dσˆ
(xˆ) exp
(∫
X×R+
(
1−
dσˆ ◦ (φ⊗ id)−1
dσˆ
(xˆ)
)
dσˆ(xˆ)
)
=
∏
xˆ∈γˆω
pσφ(x) exp
(
λτ
∫
X
(1− pσφ(x))dσ(x)
)
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=
∏
x∈γω
pσφ(x) exp
(
λτ
∫
X
(1− pσφ(x))dσ(x)
)
= p
piλτσ
φ (γω),
where we have used [AKR98a, Proposition 2.2]. 
3 Differential geometry on compound Pois-
son space
The underlying differentiable structure on X has a natural lifting to the con-
figuration space Ω. As a result there appear in Ω objects such as the gradient,
the tangent space etc. Below we describe the corresponding constructions in
details.
3.1 The tangent bundle of Ω
Let V (X) be the set of all C∞-vector fields on X (i.e., smooth sections of
TX). We will use a subset V0(X) ⊂ V (X) consisting of all vector fields with
compact support. V0(X) can be considered as an infinite dimensional Lie
algebra which corresponds to the group Diff0(X) in the following sense: for
any v ∈ V0(X) we can construct the flow of this vector field as a collection
of mappings φvt : X → X , t ∈ R obtained by integrating the vector field.
More precisely, for any x ∈ X the curve
R ∋ t 7−→ φvt (x) ∈ X
is defined as the solution to the following Cauchy problem

d
dt
φvt (x) = v(φ
v
t (x))
φv0(x) = x
.
That no explosion is possible and φvt is well-defined for each t ∈ R, is a conse-
quence of v ∈ V0(X) (the latter implies that v is a complete vector field). The
mappings {φvt , t ∈ R} form a one-parameter subgroup of diffeomorphisms in
the group Diff0(X) (see e.g. [Boo75]), that is,
1) ∀t ∈ R φvt ∈ Diff0(X)
2) ∀t, s ∈ R φvt ◦ φ
v
s = φ
v
t+s.
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Let us fix v ∈ V0(X). Having the group φ
v
t , t ∈ R, we can consider for any
ω ∈ Ω the curve
R ∋ t 7−→ φvt (w) ∈ Ω.
Definition 3.1 For a function F : Ω → R we define the directional
derivative along the vector field v ∈ V0(X) as
(∇Ωv F )(ω) :=
d
dt
F (φv∗t ω)|t=0,
provided the right hand side exists.
We note that ∇Ωv F is closely related to the concept of the Lie derivative
corresponding to a special class of vector fields on Ω, see below.
Let us introduce a special class of smooth functions on Ω which play an
important role in our considerations below. We introduce FC∞b (D,Ω) as the
set of all functions F : Ω→ R of the form
F (ω) = gF (〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉), ω ∈ Ω, (3.1)
where (generating directions) ϕ1, . . . , ϕN ∈ D and gF (s1, . . . , sN) (generating
function for F ) is from C∞b (R
N).
For any F ∈ FC∞b (D,Ω) of the form (3.1) and given v ∈ V0(X) we have
F (φv∗t ω) = gF (〈φ
v∗
t ω, ϕ1〉 , . . . , 〈φ
v∗
t ω, ϕN〉)
= gF (〈ω, ϕ1 ◦ φ
v
t 〉 , . . . , 〈ω, ϕN ◦ φ
v
t 〉)
and, therefore, an application of Definition 3.1 gives
(∇Ωv F )(ω) =
N∑
i=1
∂gF
∂si
(〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉)
〈
ω,∇Xv ϕi
〉
, (3.2)
where ∇Xv ϕ is the directional (or Lie) derivative of ϕ : X → R along the
vector field v ∈ V0(X), i.e.,
(∇Xv ϕ)(x) =
〈
∇Xϕ(x), v(x)
〉
TxX
,
where ∇X denotes the gradient on X .
The expression of ∇Ωv on smooth cylinder functions given by (3.2) moti-
vates the following definition.
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Definition 3.2 We introduce the tangent space TωΩ to the configuration
space Ω at the point ω ∈ Ω as the Hilbert space of measurable ω - square
- integrable sections (measurable vector fields) Vω : X → TX with the scalar
product 〈
V 1ω , V
2
ω
〉
TωΩ
=
∫
X
〈
V 1ω (x), V
2
ω (x)
〉
TxX
dω(x) (3.3)
V 1ω , V
2
ω ∈ TωΩ. The corresponding tangent bundle is
TΩ =
⋃
ω∈Ω
TωΩ.
Let us stress that any v ∈ V0(X) can be considered as a “constant” vector
field on Ω such that
Ω ∋ ω 7−→ Vω(·) = v(·) ∈ TωΩ,
〈v, v〉TωΩ =
∫
X
|v(x)|2TxXdω(x) <∞.
Usually in Riemannian geometry, having the directional derivative and a
Hilbert space as the tangent space we can introduce the gradient.
Definition 3.3 We define the intrinsic gradient of a function F : Ω→ R as
the mapping
Ω ∋ ω 7−→ (∇ΩF )(ω) ∈ TωΩ
such that for any v ∈ V0(X)
(∇Ωv F )(ω) =
〈
(∇ΩF )(ω), v
〉
TωΩ
. (3.4)
Note that (3.4), in particular, implies that ∇Ωv F is the directional deriva-
tive along the “constant” vector field v on Ω. Furthermore, by (3.2) for any
F ∈ FC∞b (D,Ω) of the form (3.1) gives
(∇ΩF )(ω; x) =
N∑
i=1
∂gF
∂si
(〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉)∇
Xϕi(x), ω ∈ Ω, x ∈ X.
(3.5)
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3.2 Integration by parts and divergence on compound
Poisson space
Let the configuration space Ω be equipped with the compound Poisson mea-
sure πτσ (cf. Subsection 2.3). The set FC
∞
b (D,Ω) is a dense subset in the
space L2(Ω,B(Ω), πτσ) =: L
2(πτσ). For any vector field v ∈ V0(X) we have a
differential operator in L2(πτσ) on the domain FC
∞
b (D,Ω) given by
FC∞b (D,Ω) ∋ F 7−→ ∇
Ω
v F ∈ L
2(πτσ).
Our aim now is to compute the adjoint operator ∇Ω∗v in L
2(πτσ). It corre-
sponds, of course, to an integration by parts formula with respect to the
measure πτσ.
To this end we recall first of all the integration by parts formula for the
measure σ. The logarithmic derivative of σ is given by the vector field
X ∋ x 7−→ βσ(x) :=
∇Xρ(x)
ρ(x)
∈ TxX.
(where as usual βσ := 0 on {ρ = 0}). For all ϕ1, ϕ2 ∈ D we have∫
X
(∇Xv ϕ1)(x)ϕ2(x)dσ(x)
= −
∫
X
ϕ1(x)(∇
X
v ϕ2)(x)dσ(x)−
∫
X
ϕ1(x)ϕ2(x)β
σ
v (x)dσ(x), (3.6)
where
βσv (x) := 〈β
σ(x), v(x)〉TxX + div
Xv(x) (3.7)
is the so-called logarithmic derivative of the measure σ along the vector field
v and divX :=divXm is the divergence on X with respect to m. Analogously,
we define divXσ as the divergence on X with respect to σ, i.e., div
X
σ is the
dual operator on L2(X, σ) =: L2(σ) of ∇X . Then on the one hand we can
rewrite (3.6) as an operator equality on the domain D ⊂ L2(σ) :
∇X∗v = −∇
X
v − β
σ
v ,
where the adjoint operator is considered with respect to L2(σ). Note that,
obviously, βσv ∈ L
2(σ) for all v ∈ V0(X). On the other hand we have
divXσ = β
σ. (3.8)
Having the logarithmic derivative βσv we introduce an analogous object
for the compound Poisson measure.
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Definition 3.4 For any v ∈ V0(X) we define the logarithmic derivative of
the compound Poisson measure πτσ along v as the following function on Ω :
Ω ∋ ω 7→ Bpi
τ
σ
v (ω) := 〈γω, β
σ
v 〉 =
∫
X
[〈βσ(x), v(x)〉TxX + div
Xv(x)]dγω(x).
(3.9)
A motivation for this definition is given by the following integration by
parts formula.
Theorem 3.5 For all F,G ∈ FC∞b (D,Ω) and any v ∈ V0(X) we have∫
Ω
(∇Ωv F )(ω)G(ω)dπ
τ
σ(ω)
= −
∫
Ω
F (ω)(∇ΩvG)(ω)dπ
τ
σ(ω)−
∫
Ω
F (ω)G(ω)Bpi
τ
σ
v (ω)dπ
τ
σ(ω), (3.10)
or
∇Ω∗v = −∇
Ω
v − B
piτσ
v (3.11)
as an operator equality on the domain FC∞b (D,Ω) in L
2(πτσ).
Proof. Due to Proposition 2.7 we have that∫
Ω
F (φvt (ω))G(ω)dπ
τ
σ(ω) =
∫
Ω
F (ω)G(φv−tω)dπ
τ
φv∗t σ
(ω).
Differentiating this equation with respect to t and interchanging d
dt
with
the integrals, by Definition 3.1 the left hand side becomes (3.10). To see that
the right hand side also coincides with (3.10) we note that
d
dt
G(φv−t(ω))|t=0 = −(∇
Ω
vG)(ω)
and (by Proposition 2.8)
d
dt
[
dπτφv∗t σ
dπτσ
(ω)
]∣∣∣∣
t=0
=
d
dt
[∏
x∈γω
ρ(φv−t(x))
ρ(x)
Jφ
v
t
m (x)
]∣∣∣∣∣
t=0
+
d
dt
[
exp
{
λτ
∫
X
(
1−
ρ(φv−t(x))
ρ(x)
Jφ
v
t
m (x)
)
dσ(x)
}]∣∣∣∣
t=0
.
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Using (3.7) and the formula d
dt
[J
φvt
m (x)]|t=0 = −div
Xv(x), the latter ex-
pressions becomes equal to
−
∑
x∈γω
[〈βσ(x), v(x)〉TxX + div
Xv(x)]
+ λτ
∫
X
[〈βσ(x), v(x)〉TxX + div
Xv(x)]dσ(x)
= −
∑
x∈γω
βσv (x) + λτ
∫
X
βσv (x)dσ(x) = −B
piτσ
v (ω),
where we have used the equality∫
X
βσv (x)dσ(x) = −
∫
X
(∇X∗v 1)(x)dσ(x) = 0.
This completes the proof. 
Definition 3.6 For a vector field
V : Ω ∋ ω 7−→ Vω ∈ TωΩ
the intrinsic divergence divΩpiτσV is defined via the duality relation∫
Ω
〈
Vω, (∇
ΩF )(ω)
〉
TωΩ
dπτσ(ω) = −
∫
Ω
F (ω)(divΩpiτσV )(ω)dπ
τ
σ(ω) (3.12)
for all F ∈ FC∞b (D,Ω), provided it exists (i.e., provided
F 7−→
∫
Ω
〈
Vω, (∇
ΩF )(ω)
〉
TωΩ
dπτσ(ω)
is continuous on L2(πτσ)).
The existence of the divergence, of course, requires some smoothness of
the vector field. A class of smooth vector fields on Ω for which the divergence
can be computed in an explicit form is described in the following proposition.
Proposition 3.7 For any vector field
Vω(x) =
N∑
j=1
Gj(ω)vj(x), ω ∈ Ω, x ∈ X, (3.13)
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with Gj ∈ FC
∞
b (D,Ω), vj ∈ V0(X), j = 1, . . . , N , we have
(divΩpiτσV )(ω) =
N∑
j=1
(∇ΩvjGj)(ω) +
N∑
j=1
Bpi
τ
σ
vj
(ω)Gj(ω)
=
N∑
j=1
〈
(∇ΩGj)(ω), vj
〉
TωΩ
+
N∑
j=1
〈
γ, βσvj
〉
Gj(ω). (3.14)
Proof. Due to the linearity of ∇Ω it is sufficient to consider the case N = 1,
i.e., Vω(x) = G(ω)v(x). Then for all F ∈ FC
∞
b (D,Ω) and the Definition 3.6
we have∫
Ω
(divΩpiτσV )(ω)F (ω)dπ
τ
σ(ω) = −
∫
Ω
〈
Vω, (∇
ΩF )(ω)
〉
TωΩ
dπτσ(ω)
= −
∫
Ω
G(ω)
〈
v, (∇ΩF )(ω)
〉
TωΩ
dπτσ(ω)
= −
∫
Ω
G(ω)(∇Ωv F )(ω)dπ
τ
σ(ω)
= −
∫
Ω
(∇Ω∗v G)(ω)F (ω)dπ
τ
σ(ω)
=
∫
Ω
(∇ΩvG)(ω)F (ω)dπ
τ
σ(ω)
+
∫
Ω
Bpi
τ
σ
v (ω)G(ω)F (ω)dπ
τ
σ(ω),
where we have used (3.11). Hence
(divΩpiτσV )(ω) = (∇
Ω
vG)(ω) +B
piτσ
v (ω)G(ω)
=
〈
(∇ΩG)(ω), v
〉
TωΩ
+ 〈γ, βσv 〉G(ω).

In the next subsection we give an equivalent description via a “lifting
rule” of the above differential objects on Ω. Before we would like to consider
the special case when suppτ = {1}, i.e., dτ(s) = ε1(ds), cf. Proposition 2.4-3.
A detailed description can be found in [AKR98a]. In this case our intrinsic
gradient ∇Ω is nothing but the intrinsic gradient ∇Γ on L2(ΓX , πσ), i.e., for
any F ∈ FC∞b (D,Γ) of the form
F (γ) = gF (〈γ, ϕ1〉 , . . . , 〈γ, ϕN〉), γ ∈ ΓX ,
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where ϕ1, . . . , ϕN ∈ D and gF ∈ C
∞
b (R
N), we have
(∇ΓF )(γ; x) =
N∑
j=1
∂gF
∂si
(〈γ, ϕ1〉 , . . . , 〈γ, ϕN〉)∇
Xϕi(x), γ ∈ ΓX , x ∈ X.
The above equality follows from an analogue of (3.4), i.e.,
(∇ΓvF )(γ) =
〈
(∇ΓF )(γ), v
〉
TγΓ
,
where v ∈ V0(X) and the directional derivative ∇
Γ
v is as in Definition 3.1
with ω replaced by γ. Moreover for the the adjoint operator to the gradient
∇Γ on L2(Γ, πσ) equation (3.10) becomes equal to∫
Γ
(∇ΓvF )(γ)G(γ)dπσ(γ)
= −
∫
Γ
F (γ)(∇ΓvG)(γ)dπσ(γ)−
∫
Γ
F (γ)G(γ)Bpiσv (γ)dπσ(γ),
or
∇Γ∗v = −∇
Γ
v − B
piσ
v
as an operator equality on the domain FC∞b (D,Γ) in L
2(Γ, πσ) and B
piσ
v
stands for the logarithmic derivative of the Poisson measure πσ along v, i.e.,
Bpiσv (γ) := 〈γ, β
σ
v 〉 =
∫
X
[〈βσ(x), v(x)〉TxX + div
Xv(x)]dγ(x).
3.3 A lifting of the geometry
In the consideration above we have constructed some objects related to the
differential geometry of the space Ω. Now we present an interpretation of all
the above formulas via a simple “lifting rule”.
Any function ϕ ∈ D generates a (cylinder) function on Ω by the formula
Lϕ(ω) := 〈ω, ϕ〉 , ω ∈ Ω. (3.15)
We will call Lϕ the lifting of ϕ. As before any vector field v ∈ V0(X) can be
considered as a vector field on Ω (the lifting of v) which we denote by Lv,
see Definition 3.2. For v, w ∈ V0(X) formula (3.3) can be written as
〈Lv, Lw〉TωΩ = L〈v,w〉TX (ω), (3.16)
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i.e., the scalar product of lifting vector fields is computed as the lifting of the
scalar product 〈v(x), w(x)〉TxX = ϕ(x). This rule can be used as a definition
of the tangent space TωΩ.
Formula (3.2) has now the following interpretation:
(∇Ωv Lϕ)(ω) = L∇Xv ϕ(ω), ω ∈ Ω,
and the gradient of Lϕ is nothing but the lifting of the corresponding under-
lying gradient:
(∇ΩLϕ)(ω) = L∇Xϕ(ω).
As follows from (3.9) the logarithmic derivative B
piτσ
v : Ω→ R is obtained
via the same lifting procedure of the corresponding logarithmic derivative
βσv : X → R, namely,
Bpi
τ
σ
v (ω) = Lβσv (γω).
Or, equivalently, one has for the divergence of a lifted vector field:
divΩpiτσ(Lv) = LdivXσ v.
3.4 Representations of the Lie algebra of vector fields
Using the property of quasi-invariance of the compound Poisson measure πτσ
we can define a unitary representation of the diffeomorphism group Diff0(X)
in the space L2(πτσ), see [GGV75]. Namely, for φ ∈Diff0(X) we define a
unitary operator
(Vpiτσ(φ)F )(ω) := F (φ(ω))
√
dπτσ(φ(ω))
dπτσ(ω)
, F ∈ L2(πτσ).
Then we have
Vpiτσ(φ1)Vpiτσ(φ2) = Vpiτσ(φ1 ◦ φ2), φ1, φ2 ∈ Diff0(X).
as in Subsection 3.1, to any vector field v ∈ V0(X) there corresponds a
one-parameter subgroup of diffeomorphisms φvt , t ∈ R. It generates a one-
parameter unitary group
Vpiτσ(φ
v
t ) := exp[itJpiτσ(v)], t ∈ R, (3.17)
where Jpiτσ(v) denotes the self-adjoint generator of this group.
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Proposition 3.8 For any v ∈ V0(X) the following operator equality on the
domain FC∞b (D,Ω) holds:
Jpiτσ(v) =
1
i
∇Ωv +
1
2i
Bpi
τ
σ
v . (3.18)
Proof. Let F ∈ FC∞b (D,Ω) be given. Then differentiating the left hand
side of (3.17) at t = 0 we get
d
dt
(Vpiτσ(φ
v
t )F )(ω)|t=0 =
d
dt
F (φvt (ω))|t=0 + F (ω)
1
2
d
dt
dπτσ(φ
v
t (ω))
dπτσ(ω)
∣∣∣∣
t=0
= (∇Ωv F )(ω) +
1
2
F (ω)Bpi
τ
σ
v (ω),
where we have used the form of the operator Vpiτσ(φ
v
t ), the definition of the
directional derivative ∇Ωv and Theorem 3.5. On the other hand the same
procedure on the right hand side of (3.17) produce i(Jpiτσ(v)F )(ω). Hence the
result of the proposition follows. 
Remark 3.9 More generally, one can study a family of self-adjoint operators
J(v), v ∈ V0(X), in a Hilbert space H which gives a representation of the Lie
algebra V0(X) in the sense of the following commutation relation:
[J(v1), J(v2)] = −iJ([v1, v2]) (3.19)
(on a dense domain in H), where [v1, v2] = 〈v1,∇v2〉TX − 〈v2,∇v1〉TX is
the Lie-bracket of the vector fields v1, v2 ∈ V0(X). In the case discussed,
this relation is a direct consequence of (3.18). Thus, we have constructed a
compound Poisson space representation of the Lie algebra V0(X).
Let us define, in addition, a unitary representation of the additive group
D given by the formula
(Upiτσ(f)F )(ω) := exp(i 〈ω, f〉)F (ω), F ∈ L
2(πτσ), ω ∈ Ω,
for any f ∈ D. As usual, the semi-direct product G := D ∧ Diff0(X) of the
groups D and Diff0(X) is defined as the set of pairs (f, φ) with multiplication
operation
(f1, φ1)(f2, φ2) = (f1 + f2 ◦ φ1, φ2 ◦ φ1),
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see e.g. [GGV75]. Let us introduce for any element (f, φ) ∈ G the following
operator on L2(πτσ) :
Wpiτσ(f, φ) := Upiτσ(f)Vpiτσ(φ).
These operators are unitary and form a representation of the group G. If we
introduce multiplication operators ρpiτσ(f), f ∈ D, as self-adjoint operators
on L2(πτσ) which are defined for F ∈ FC
∞
b (D,Ω) by the formula
(ρpiτσ(f)F )(ω) := 〈ω, f〉F (ω), ω ∈ Ω,
then Upiτσ(f) = exp[iρpiτσ(f)] and the form of the multiplication in G implies
[ρpiτσ(f), Jpiτσ(v)] = iρpiτσ(∇
X
v f)
(on a dense domain in L2(πτσ)) for all f ∈ D, v ∈ Diff0(X). We also have
the relation [ρpiτσ(f1), ρpiτσ(f2)] = 0. The family of operators Jpiτσ(v), ρpiτσ(f),
v ∈ V0(X), f ∈ D, thus forms a compound Poisson representation of an
infinite-dimensional Lie algebra. In the particular case when τ = ε1 this
representation is known as Lie algebra of currents in non relativistic quantum
field theory, e.g. [GGPS74].
4 Intrinsic Dirichlet forms on compound Pois-
son space
4.1 Definition of the intrinsic Dirichlet form
We start with introducing some useful spaces of cylinder functions on Ω
in addition to FC∞b (D,Ω). By FP(D,Ω) we denote the set of all cylinder
functions of the form (3.1) in which the generating function gF is a polynomial
on RN , i.e., gF ∈ P(R
N ). Analogously we define FC∞p (D,Ω), where now
gF ∈ C
∞
p (R
N) (the set of all C∞-functions f on RN such that f and all its
partial derivatives of any order are polynomially bounded).
We have obviously
FC∞b (D,Ω) ⊂ FC
∞
p (D,Ω),
FP(D,Ω) ⊂ FC∞p (D,Ω),
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and these spaces are algebras with respect to the usual operations. The
existence of the Laplace transform lpiτσ(f), f ∈ D, implies FC
∞
p (D,Ω) ⊂
L2(πτσ).
Note that after the embedding Ω →֒ D′ (see Subsection 2.3) and a natural
extension to D′ the space FP(D,D′) is nothing but the well-known space of
cylinder polynomials on D′, see [BK95, Chap. 2].
Definition 4.1 For F,G ∈ FC∞p (D,Ω) we introduce a pre-Dirichlet form
as
EΩpiτσ(F,G) =
∫
Ω
〈(∇ΩF )(ω), (∇ΩG)(ω)〉TωΩdπ
τ
σ(ω). (4.1)
Note that for F,G ∈ FC∞p (D,Ω) formula (3.5) is still valid and therefore〈
∇ΩF,∇ΩG
〉
TΩ
∈ FC∞p (D,Ω),
such that (4.1) is well-defined.
We will call EΩpiτσ the intrinsic pre-Dirichlet form corresponding to the
compound Poisson measure πτσ on Ω. The name “intrinsic” means that E
Ω
piτσ
is associated with the geometry of Ω generated by the original Riemannian
structure of X , in particular, by the intrinsic gradient ∇Ω. In the next
subsection we shall prove the closability of EΩpiτσ .
4.2 Intrinsic Dirichlet operators
Let us introduce a differential operatorHΩpiτσ on the domain FC
∞
b (D,Ω) which
is given on any F ∈ FC∞b (D,Ω) of the form
F (ω) = gF (〈ω, ϕ1〉, . . . , 〈ω, ϕN〉), ω ∈ Ω, gF ∈ C
∞
b (R
N), ϕ1, . . . , ϕN ∈ D,
(4.2)
by the formula
(HΩpiτσF )(ω)
:=
N∑
i,j=1
∂2gF
∂si∂sj
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)
∫
X
〈∇Xϕi(x),∇
Xϕj(x)〉TxXdω(x)
−
N∑
i=1
∂gF
∂si
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)
∫
X
△Xϕi(x)dω(x) (4.3)
−
N∑
i=1
∂gF
∂si
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)
∫
X
〈∇Xϕi(x), β
σ(x)〉TxXdω(x),
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where △X denotes the Laplace-Beltrami operator on X . In this formula all
expressions are from FC∞b (D,Ω) or have the form 〈ω, ψ〉, ω ∈ Ω, ψ ∈ D,
except for the functions 〈ω, hi〉, ω ∈ Ω, with
hi(x) =
〈
(∇Xϕi)(x), β
σ(x)
〉
TxX
, x ∈ X, i = 1, . . . , N.
To clarify the situation with these functions note that due to the as-
sumption on σ we have ρ1/2 ∈ H1,2loc (X) which gives hi ∈ L
1(σ) and these
functions have compact supports. Therefore hi ∈ L
1(σ), j = 1, . . . , N . On
the other hand we know that a function 〈ω, f〉, ω ∈ Ω, is from L2(πτσ) if
f ∈ L1(σ) ∩ L2(σ). The latter follows from the formula for the second mo-
ment of the measure πτσ, namely∫
Ω
〈ω, f〉2 dπτσ(ω) = m2(τ)
∫
X
f 2(x)dσ(x) + (m1(τ))
2
(∫
X
f(x)dσ(x)
)2
,
(4.4)
where m1(τ) and m2(τ) are the first and second moment of the measure τ
on R+, respectively. Equation (4.4) is a direct consequence of (2.4). As a
result the right hand side of (4.3) is well-defined. To show that the operator
HΩpiτσ is well-defined we still have to show that its definition does not depend
on the representation of F in (4.2) which will be done below.
Remark 4.2 In the applications to the study of unitary representations of
the group Diff0(X) given by compound Poisson measures, there is usually an
additional assumption on the smoothness of the density ρ := dσ/dm, namely
ρ ∈ C∞(X), ρ(x) > 0, x ∈ X, see e.g. [GGV75]. In this case it is obvious
that the operator HΩpiτσ preserves the spaces FC
∞
p (D,Ω) and FP(D,Ω).
Let us also consider the classical pre-Dirichlet form corresponding to the
measure σ on X :
EXσ (ϕ, ψ) :=
∫
X
〈∇Xϕ(x),∇Xψ(x)〉TxXdσ(x), (4.5)
where ϕ, ψ ∈ D. This form is associated with the Dirichlet operator HXσ
which is given on D by
(HXσ ϕ)(x) := −△
Xϕ(x)−
〈
βσ(x),∇Xϕ(x)
〉
TxX
, (4.6)
and which satisfies
EXσ (ϕ, ψ) = (H
X
σ ϕ, ψ)L2(σ), ϕ, ψ ∈ D.
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The closure of this form on L2(σ) is defined by (EXσ , D(E
X
σ )). Note that
D(EXσ ) is nothing but the Sobolev space of order 1 in L
2(σ) (sometimes
also denoted by H1,20 (X, σ)). (E
X
σ , D(E
X
σ )) generates a positive self-adjoint
operator in L2(σ) (the so-called Friedrich’s extension of HXσ , see e.g. [BKR97]
and [RS75]).
For this extension we preserve the previous notation HXσ and denote the
domain by D(HXσ ). Using the underlying Dirichlet operator we obtain the
representation
(HΩpiτσF )(ω)
=
N∑
i,j=1
∂2gF
∂si∂sj
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)〈∇
Xϕi,∇
Xϕj〉TωΩ
+
N∑
i=1
∂gF
∂si
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)〈ω,H
X
σ ϕi〉.
Let us define for any ω ∈ Ω, x, y ∈ X
(∇Ω∇ΩF )(ω, x, y)
:=
N∑
i,j=1
∂2gF
∂si∂sj
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)∇
Xϕi(x)⊗∇
Xϕj(y) ∈ TωΩ⊗ TωΩ.
Then
△ΩF (ω) := Tr(∇Ω∇ΩF )(ω)
=
N∑
i,j=1
∂2gF
∂si∂sj
(〈ω, ϕ1〉, . . . , 〈ω, ϕN〉)〈∇
Xϕi,∇
Xϕj〉TωΩ.
Hence the operator HΩpiτσ can be written as
(HΩpiτσF )(ω) = −(△
ΩF )(ω)− 〈ω, divXσ (∇
ΩF )(ω; ·)〉.
The following theorem implies that both HΩpiτσ and △
Ω are well-defined as
linear operators on FC∞b (D,Ω), i.e., independently of the representation of
F on (4.2).
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Theorem 4.3 The operator HΩpiτσ is associated with the intrinsic Dirichlet
form EΩpiτσ , i.e., for all F,G ∈ FC
∞
b (D,Ω) we have
EΩpiτσ(F,G) = (H
Ω
piτσ
F,G)L2(piτσ),
or
HΩpiτσ = −div
Ω
piτσ
∇Ω on FC∞b (D,Ω).
We call HΩpiτσ the intrinsic Dirichlet operator of the measure π
τ
σ.
Proof. For any F ∈ FC∞b (D,Ω) of the form (4.2) we have
(∇ΩF )(ω; x) =
N∑
j=1
∂gF
∂si
(〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉)∇
Xϕi(x).
By (3.14) we conclude that
divΩpiτσ(∇
ΩF ) = −HΩpiτσF
which by (3.12) for F,G ∈ FC∞b (D,Ω) gives
(HΩpiτσF,G)L2(piτσ) = −
∫
Ω
divΩpiτσ(∇
ΩF )(ω)G(ω)dπτσ(ω)
=
∫
Ω
〈
(∇ΩF )(ω), (∇ΩG)(ω)
〉
TωΩ
dπτσ(ω).

Remark 4.4 1. In the case σ = m and τ = ε1 we call the Dirichlet form
EΓpiσ the canonical Dirichlet form on Γ. The canonical Dirichlet form
and canonical Dirichlet operator HΓpiσ are defined directly in terms of
the Riemannian geometry of X.
2. The operator HΓpiσ can be naturally extended to cylinder functions of the
form
F (ω) := exp(〈ω, ϕ〉), ϕ ∈ D, ω ∈ Ω,
since such F belongs to L2(Γ, πσ). We then have
(HΓpiσ exp(〈·, ϕ〉))(γ) = 〈ω,H
X
σ ϕ−
∣∣∇Xϕ∣∣2
TX
〉 exp(〈γ, ϕ〉)
and for σ = m and τ = ε1
(HΓpim exp(〈·, ϕ〉))(γ) = −〈△
Xϕ+
∣∣∇Xϕ∣∣2
TX
〉 exp(〈γ, ϕ〉).
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As an immediate consequence of Theorem 4.3 we obtain
Corollary 4.5 (EΩpiτσ ,FC
∞
b (D,Ω)) is closable on L
2(πτσ). Its closure (E
Ω
piτσ
,
D(EΩpiτσ)) is associated with a positive definite self-adjoint operator, the Fried-
richs extension of HΩpiτσ which we also denote by H
Ω
piτσ
(and its domain by
D(HΩpiτσ)).
Clearly, ∇Ω also extends to D(EΩpiτσ). We denote this extension again by
∇Ω.
Corollary 4.6 Let
F (ω) = gF (〈ω, ϕ1〉, . . . , 〈ω, ϕN〉), ω ∈ Ω, gF ∈ C
∞
b (R
N),
ϕ1, . . . , ϕN ∈ D(E
Ω
σ ).
Then F ∈ D(EΩpiτσ) and
(∇ΩF )(·) =
N∑
i=1
∂gF
∂si
(〈·, ϕ1〉, . . . , 〈·, ϕN〉)∇
Xϕi.
Proof. By approximation this is an immediate consequence of (3.5) and the
fact that for all 1 ≤ i ≤ N
(m1(τ))
−1
∫
Ω
〈ω, |∇Xϕi|
2
TX〉dπ
τ
σ(ω) = E
X
σ (ϕi, ϕi).

Remark 4.7 Of course the domain of EΩpiτσ D(E
Ω
piτσ
) is nothing but the Sobolev
space H1,20 (Ω, π
τ
σ) on Ω of order 1 in L
2(Ω, πτσ).
5 Identification of the process on compound
Poisson space
In this section we will prove the existence of a diffusion process corresponding
to our Dirichlet form (EΩpiτσ ,D(E
Ω
piτσ
)). For a general theory of processes corre-
sponding to Dirichlet forms we refer to [MR92, Chap. IV], see also [Fuk80].
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After all our preparation and taking into account the general description
of compound Poisson space given in Section 6 we will see that this process is
nothing but a direct consequence (“lifting”) of the corresponding process on
the space of simple configurations ΓX , see [AKR98a, Sect. 6] for a detailed
description. Let us clarify this in more detail. After Section 6 there is
an obvious identification between compound configurations ω ∈ Ω and a
marked configurations (γω, mω) ∈ Ω
R+
X which gives the possibility to obtain
an embedding from L2(ΓX , πσ) into L
2(ΩX , π
τ
σ), i.e.,
L2(ΩX , π
τ
σ) ∋ F (ω) = G(γω) ∈ L
2(ΓX , πσ).
Hence all operators acting in L2(ΓX , πσ), e.g., ∇
Γ, ∇Γ∗, HΓpiσ etc. are applica-
ble on L2(ΩX , π
τ
σ) w.r.t. part of the variables. Moreover we have the following
relation
(∇ΩF )(ω) = (∇ΓF )((γω, mω)), ω = (γω, mω) ∈ Ω,
for the intrinsic gradient, from which everything else follows, see below.
Let us consider a probability measure τ on R+ (or more general a prob-
ability measure on the space of marks M , cf. Section 6). In what follows we
always identify any compound configuration ω ∈ Ω (or in general marked
configuration) with (γω, mω), i.e.,
Ω ∋ ω  (γω, mω)
and by Subsection 2.5 we have for any diffeomorphism φ ∈ Diff0(X) its action
on (γω, mω) is given by
φ(γω, mω) = (φ(γω), mω).
It follows from Proposition 2.8 and the assumption on τ that the Radon-
Nikodym density of πτσ and πσ with respect to the group Diff0(X) are equal,
i.e., p
piτσ
φ (ω) = p
piσ
φ (γω), where γω corresponds to ω.
Let us compute the action of the gradient ∇Γ on cylinder functions F ∈
FC∞b (D,Ω). To this end let v ∈ V0(X) be a vector field on X with compact
support and φvt the corresponding flow. Then by definition we have
(∇ΓvF )((γω, mω)) :=
d
dt
F ((φvt (γω), mω))|t=0.
On cylinder functions of the form
F ((γω, mω)) = gF (〈(γω, mω), ϕ1〉, . . . , 〈(γω, mω), ϕN〉),
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where ω = (γω, mω) ∈ Ω, gF ∈ C
∞
b (R
N), and ϕ1, . . . ϕN ∈ D, the above
definition gives
N∑
i=1
∂gF
∂si
((γω, mω), ϕ1〉, . . . , 〈(γω, mω), ϕN〉)〈(γω, mω),∇
X
v ϕi〉.
Therefore the following equality on FC∞b (D,Ω) (dense in L
2(πτσ)) of the
directional derivatives holds
(∇Ωv F )(ω) = (∇
Γ
vF )((γω, mω))
which implies the equality between the intrinsic gradients, i.e.,
(∇ΩF )(ω) = (∇ΓF )((γω, mω)).
From these considerations on the intrinsic gradient we get a relation be-
tween the Dirichlet forms, namely
EΩpiτσ(F,G) =
∫
Ω
〈(∇ΩF )(ω), (∇ΩG)(ω)〉TωΩdπ
τ
σ(ω)
=
∫
Ω
〈(∇ΓF )((γω, mω)), (∇
ΓG)((γω, mω))〉TγωΓdπ
τ
σ(ω)
= EΓpiτσ(F,G).
On the other hand the above relation between Dirichlet forms allowed us
to derive easily the following relation for the intrinsic Dirichlet operators
(HΩpiτσF )(ω) = (H
Γ
piσ,γωF )(γω, mω), F ∈ FC
∞
b (D,Ω),
where HΓpiσ,γω acts w.r.t. the variable γω. Of course the corresponding semi-
groups (whose generators are HΩpiτσ and H
Γ
piσ,γω) are related by
e
−tHΩ
piτσ = e−tH
Γ
piσ,γω ⊗ 1m· , t > 0.
From this it follows that the process, Ξt, t ≥ 0, on compound Poisson
space (or in marked Poisson space) is nothing but the equilibrium processXγωt
(distorted Brownian motion on Ω) together with marks of the corresponding
configuration, i.e.,
Ξt = {X
γω
t , mω}.
For more detailed description of properties of the process Xγωt we refer to
[AKR98a, Sect. 6].
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6 Marked Poisson measures
In this section we present some general results on marked Poisson measures
which generalizes the compound Poisson measures introduced in Subsection
2.3. For more detailed information on marked Poisson processes we refer to
[BL95, Chap. 6], [Kin93, Chap. 5], [MM91], and references therein.
6.1 Definition and measurable structure
In this subsection we define and describe the space of marked configurations
as well as its associated measurable structure. Before we recall the defini-
tion of the configuration space over the Cartesian space X ×M between a
Riemannian manifold X and a complete separable metric space M .
The configuration space ΓX×M over the Cartesian product X × M is
defined as the set of all locally finite subsets (configurations) in X ×M :
ΓX×M := {γˆ ⊂ X ×M ||γˆ ∩K| <∞ for any compact K ⊂ X ×M}.
For any Λ ⊂ X we sometimes use the shorthand γΛ for γ∩Λ, for any γ ∈ ΓX
and define
ΓΛ := {γ ∈ ΓX |γ ∩ (X\Λ) = ∅}.
For any n ∈ N0 and Λ ∈ Oc(X) we introduce the space of n points configu-
rations as
Γ
(n)
Λ := {γ ∈ ΓΛ||γ| = n}, Γ
(0)
Λ := {∅}.
Let us now introduce the space of marked configurations which will plays
the same role as ΓX played for Poisson measure but now for the marked
Poisson measure, see Subsection 6.3 below. It is defined as
ΩMX := {ω = (γω, mω)|γω ∈ ΓX , mω ∈M
ω}.
Here Mω stands for the set of all maps γω ∋ x 7→ mx ∈ M . We may also
write the marked configuration space ΩMX as a subspace of ΓX×M as follows
ΩMX := {ω = {(x,mx)} ⊂ ΓX×M |{x} = γω ∈ ΓX , mx ∈M}.
For any Λ ⊂ X we define in an analogous way the set ΩMΛ , i.e.,
ΩMΛ := {ω = (γω, mω)|γω ∈ ΓΛ, mω ∈M
ω}
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and
ΩMΛ := {ω = {(x,mx)} ⊂ ΓΛ×M |{x} = γω ∈ ΓΛ, mx ∈M}.
In order to describe the σ-algebra B(ΩMX ) we proceed as follows. Let
Λ ∈ Oc(X) and n ∈ N0 := N∪{0} be given. We define an equivalent relation
∼ on (Λ×M)n setting
((x1, mx1), (x2, mx2), . . . , (xn, mxn)) ∼ ((y1, my1), (y2, my2), . . . , (yn, myn))
iff there exists a permutation π ∈ Sn (the group of permutations of n ele-
ments) such that
(xi, mxi) = (ypi(i), mypi(i)), ∀i = 1, . . . , n.
Hence we obtain the quotient space (Λ×M)n/Sn by means of ∼. Then we
introduce the subset of (Λ×M)n/Sn, Ω
M
Λ (n), defined as follows
ΩMΛ (n) := {((x1, mx1), . . . , (x1, mx1))|xi ∈ Λ, xi 6= xj , i 6= j,mxi ∈M},
or equivalently
ΩMΛ (n) := {(γω, mω)|γω ∈ Γ
(n)
Λ , mω ∈M
ω}, ΩMΛ (0) := {∅}
The space ΩMΛ (n) is endowed with the relative metric from (Λ×M)
n/Sn,
i.e.,
δ([x], [y]) = inf
x′∈[x],y′∈[y]
dn(x′, y′),
where dn is the metric defined on (Λ×M)n driven from the original metrics
on X and M . Therefore ΩMΛ (n) becomes a metrizable topological space.
It is obvious that
ΩMΛ =
∞⊔
n=0
ΩMΛ (n).
This space can be equipped with the topology of disjoint union of topological
spaces, namely, the strongest topology on ΩMΛ such that all the embeddings
in : Ω
M
Λ (n)→ Ω
M
Λ , n ∈ N0
are continuous. B(ΩMΛ ) stands for the corresponding Borel σ-algebra.
For any Λ ∈ Oc(X) there are natural restriction maps
pΛ : Ω
M
X → Ω
M
Λ
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defined by
pΛ(γω, mω) = (γω ∩ Λ, mω|γω∩Λ) ∈ Ω
M
Λ , (γω, mω) ∈ Ω
M
X . (6.1)
The topology on ΩMX is defined as the weakest topology making all the map-
pings pΛ continuous. The associated Borel σ-algebra is denoted by B(Ω
M
X ).
6.2 The projective limit
Finally we want to show that ΩMX coincides with the projective limit of the
family of topological spaces {ΩMΛ |Λ ∈ Oc(X)}. First we recall the definition
of projective limit of topological spaces, see e.g. [BD68, Chap. 3] and [Sch71,
Chap. 2].
Definition 6.1 Let Λ1,Λ2 ∈ Oc(X) be given with Λ1 ⊂ Λ2. There are
natural maps
pΛ2,Λ1 : Ω
M
Λ2
→ ΩMΛ1
defined by
pΛ2,Λ1(γω, mω) = (γω∩Λ1 , mω|γω∩Λ1) ∈ Ω
M
Λ1 , (γω, mω) ∈ Ω
M
Λ2 .
The projective limit of the family {ΩMΛ |Λ ∈ Oc(X)} denoted by
prlim
Λ∈Oc(X)
ΩMΛ
is a topological space Ω and a family of continuous projections
PΛ : Ω→ Ω
M
Λ , Λ ∈ Oc(X),
such that the following two conditions are satisfied:
1. If Λ1,Λ2 ∈ Oc(X) with Λ1 ⊂ Λ2, then
PΛ1 = pΛ2,Λ1 ◦ PΛ2.
2. If Ω′ is a topological space and
P ′Λ : Ω
′ → ΩMΛ , Λ ∈ Oc(X),
a family of continuous projections which fulfills Condition 1 above, then
there exists a unique continuous map u : Ω′ → Ω such that P ′Λ = PΛ◦u,
for all Λ ∈ Oc(X).
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Remark 6.2 The projective limit of the family {ΩMΛ |Λ ∈ Oc(X)} exists and
is unique in the following sense: let Ω and Ω′ be projective limits, then there
exists a map u : Ω→ Ω′ such that u and u−1 are continuous, see e.g. [Par67,
Chap. 4].
Theorem 6.3 The space of marked configurations ΩMX is the projective limit
of the family {ΩMΛ |Λ ∈ Oc(X)} together with the family of projections {pΛ|Λ ∈
Oc(X)} (defined in (6.1)) and
B(ΩMX ) = σ(p
−1
Λ (B(Ω
M
Λ )); Λ ∈ Oc(X)).
In other words there exists a bicontinuous bijective mapping between ΩMX and
the projective limit. This will be denoted by ΩMX ≃ prlimΛ∈Oc(X) Ω
M
Λ .
Proof. We will use always in the proof the convention that Λ,Λ1,Λ2 ∈
Oc(X) with Λ1 ⊂ Λ2. First we verify Condition 1 of Definition 6.1. This can
easily be done as follows
pΛ2,Λ1 ◦ pΛ2(γω, mω) = pΛ2,Λ1(γω ∩ Λ2, mω|γω∩Λ2)
= (γ ∩ Λ1, mω|γω∩Λ1)
= pΛ1(γω, mω),
for (γω, mω) ∈ Ω
M
X which is the desired result.
Let us now construct a version of the projective limit of the family
{ΩMΛ ,Λ ∈ Oc(X)}, see e.g. [Par67]. As Ω we take
Ω :=
{
ω ∈ ×
Λ∈Oc(X)
ΩMΛ |pΛ2,Λ1((ω)Λ2) = (ω)Λ1
}
,
where (ω)Λ denotes the Λ-component of ω. As projections we choose PΛ(ω) :=
(ω)Λ and define the σ-algebra as B(Ω) := σ({PΛ|Λ ∈ Oc(X)}), see diagram
in Fig. 1.
Now we define a (bijective) mapping I : ΩMX → Ω by
(I(γω, mω))Λ := pΛ(γω, mω) ∈ Ω
M
Λ , (γω, mω) ∈ Ω
M
X ,Λ ∈ Oc(X).
We first show that I is well defined, this means that
pΛ2,Λ1((I(γω, mω))Λ2) = (γω ∩ Λ1, mω|γω∩Λ1).
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❄ΩMX
×
Λ∈Oc(X)
ΩMΛ = Ω
ΩMΛ2 Ω
M
Λ1I
pΛ2
pΛ1
pΛ2,Λ1
PΛ2 PΛ1
❥
✯✒
❘
	
	

✲
Figure 1: Diagram used in constructing projective limit.
Indeed we have
pΛ2,Λ1((I(γω, mω))Λ2) = pΛ2,Λ1 ◦ pΛ2(γω, mω)
= pΛ1(γω, mω)
= (γω ∩ Λ1, mω|γω∩Λ1)
which proves that I is well defined. Let us prove in addition that I is a
bijective mapping between ΩMX and Ω.
Injectivity. Let (γω, mω), (γω′, mω′) ∈ Ω
M
X such that I(γω, mω) = I(γω′, mω′),
that means by definition of I that (γω ∩Λ, mω|γω∩Λ) = (γω′ ∩Λ, mω′|γω′∩Λ) for
all Λ ∈ Oc(X). Since the manifold X can be written as countable union of
sets from Oc(X), i.e.,
X =
⋃
n∈N0
Λn, Λn ∈ Oc(X), n ∈ N0
this implies that (γω, mω) = (γω′, mω′) and therefore the injectivity of I is
proved.
Surjectivity. Let ω = ((ω)Λ)Λ∈Oc(X) = ((γ
∗
ω, m
∗
ω)Λ)Λ∈Oc(X) ∈ Ω be given and
take a family of pairewise disjoint subsets from Oc(X), {Λn, n ∈ N} such
35
that
X =
⊔
n∈N
Λn;
moreover we may assume that for any Λ ∈ Oc(X) ∃m ∈ N such that
Λ ⊂
m⊔
n=1
Λn =: Λ
m
n . (6.2)
Let us define an element (γ,mγ) from Ω
M
X as follows:
γω :=
⋃
n∈N
(γ∗ω ∩ Λn)
and
mω :
⋃
n∈N
(γ∗ω ∩ Λn) ∋ x 7→ mx ∈M, x ∈ γ
∗
ω ∩ Λn, n0 ∈ N.
First we note that the assumption (6.2) gives
γω ∩ Λ =
m⋃
n=1
(γ∗ω ∩ Λn ∩ Λ), Λ ∈ Oc(X).
Secondly we must prove that (I(γω, mω))Λ = (ω)Λ for any Λ ∈ Oc(X). From
the definition of I and pΛ we have
(I(γω, mω))Λ := pΛ(γω, mω) := (γω ∩ Λ, mω|γω∩Λ)
and from the above representation for γω ∩ Λ we obtain
(γω ∩ Λ, mω|γω∩Λ) =
(
m⋃
n=1
(γ∗ω ∩ Λn ∩ Λ), mω|γω∩Λ
)
=
m⋃
n=1
(γ∗ω ∩ Λn ∩ Λ, mω|γ∗ω∩Λn∩Λ)
=
m⋃
n=1
pΛn∩Λ(γ
∗
ω, mω) =
m⋃
n=1
pΛ(γ
∗
ω ∩ Λn, mω|γ∗ω∩ΛN )
= pΛ(γ
∗
ω ∩ Λ
m
n , mω|γ∗ω∩Λmn ) = (γ
∗
ω ∩ Λ, mω|γ∗ω∩Λ)
= (ω)Λ
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which proves the surjectivity of I.
Taking into account Condition 1 of Definition 6.1 it follows that I is
continuous. Hence only remained to proof that B(ΩMX ) and B(Ω) coincide.
This is an immediate consequence of the definition of the σ-algebras and the
continuity of I. 
6.3 Marked Poisson measure
The underlying manifold X is endowed with a non-atomic Radon measure σ,
(cf. Section 2). Let a probability measure τ be given on the space M . The
space X×M is endowed with the product measure between σ and τ denoted
by σˆ, i.e., σˆ := σ⊗ τ . The measure σˆn can be considered as a finite measure
on (Λ×M)n for any Λ ∈ Oc(X) which induces on Ω
M
Λ (n) the measure
σˆΛ,n =
1
n!
(σ ⊗ τ)n, n ≥ 0, σˆΛ,0(∅) = 1.
Then we consider a measure λΛσˆ on Ω
M
Λ which coincides on each Ω
M
Λ (n) with
the measure σˆΛ,n as follows
λΛσˆ =
∞∑
n=0
σˆΛ,n =
∞∑
n=0
1
n!
(σ ⊗ τ)n.
Measure λΛσˆ is a finite measure on Ω
M
Λ and λ
Λ
σˆ (Ω
M
Λ ) = e
σ(Λ), therefore we
define a probability measure µΛσˆ on Ω
M
Λ setting
µΛσˆ = e
−σ(Λ)λΛσˆ . (6.3)
The measure µΛσˆ has the following property
µΛσˆ (Ω
M
Λ (n)) =
1
n!
σn(Λ)e−σ(Λ)
which gives the probability of the occurrence of exactly n points of the marked
Poisson process (with arbitrary values of marks) inside the volume Λ.
In order to obtain the existence of a unique probability measure µσˆ on
B(ΩMX ) such that
µΛσˆ = p
∗
Λµσˆ, Λ ∈ Oc(X),
one should check the consistency property of the family {µΛσˆ |Λ ∈ Oc(X)}. In
other words one should verify the following equality of measures, see diagram
in Fig. 2.
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(ΩMΛ2 , µ
Λ2
σˆ ) (Ω
M
Λ1
, µΛ1σˆ )
(ΩMX , µσˆ)
pΛ1pΛ2
pΛ2,Λ1
❘✠
	
✲
Figure 2: Diagram used to prove the consistency property of the family
{µΛσˆ |Λ ∈ Oc(X)}.
µΛ2σˆ ◦ p
−1
Λ2,Λ1
= µΛ1σˆ , Λ1,Λ2 ∈ Oc(X),Λ1 ⊂ Λ2. (6.4)
It is known, see e.g. [GGV75], that the σ-algebra B(ΩMΛ ) coincides with
the σ-algebra generated by the cylinder sets from ΩMΛ , C
Λ
B,n, B ∈ Oc(Λ),
n ∈ N0. Here C
Λ
B,n has the following representation
CΛB,n := {ω = (γω, mω) ∈ Ω
M
Λ ||γω ∩ B| = n}.
Hence for a given B ∈ Oc(Λ1), n ∈ N0 the pre-image under pΛ2,Λ1of the
cylinder set CΛ1B,n from Ω
M
Λ1
is a cylinder set from ΩMΛ2 , i.e.,
p−1Λ2,Λ1(C
Λ1
B,n) = {ω = (γω, mω) ∈ Ω
M
Λ2
||γω ∩B| = n} = C
Λ2
B,n.
On the other hand it is well known, see e.g. [AKR98a] and [Shi94] that
µΛ2σˆ (C
Λ2
B,n) =
1
n!
σn(B)e−σ(B)
which is the same as µΛ1σˆ (C
Λ1
B,n). Therefore the consistency property (6.4) is
proved.
It is possible to compute in closed form the Laplace transform of the
measure µσˆ. Namely, let f be a continuous function on X×M such that the
suppf ⊂ Λ ×M for some Λ ∈ Oc(X). Let ω = (γω, mω) be an element of
ΩMX and define the pairing between f and ω by
〈f, ω〉 :=
∑
x∈γω
f(x,mx).
Then we have∫
ΩM
X
e〈f,ω〉dµσˆ(ω) =
∫
ΩMΛ
e〈f,ω〉dµσˆ ◦ pΛ(ω) =
∫
ΩMΛ
e〈f,ω〉dµΛσˆ (ω).
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Using (6.3) the last integral is equal to
e−σ(Λ)
∞∑
n=0
1
n!
∫
(Λ×M)n
exp
(
n∑
k=0
f(xk, mxk)
)
dσˆ(x1, mx1) . . . dσˆ(xn, mxn)
= e−σ(Λ)
∞∑
n=0
1
n!
(∫
Λ×M
ef(x,mx)dσˆ(x,mx)
)n
= exp
(∫
X×M
(ef(x,mx) − 1)dσˆ(x,mx)
)
.
That is, for any f in the above conditions the following formula holds:
lµσˆ(f) =
∫
ΩM
X
e〈f,ω〉dµσˆ(ω) = exp
(∫
X×M
(ef(x,mx) − 1)dσˆ(x,mx)
)
.
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